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What is PDE-Constrained Optimization?

PDE-constrained optimization (PDECO) is an
optimization problem where we seek a control or
design that minimizes an objective functional while
satisfying a governing PDE constraint.

In many applications, the goal is to bring the state
u as close as possible to a desired target uy.
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Two viewpoints for solving PDECO

Discretize — Solve — Optimize

Discretize

grid / basis / mesh state equation reduced problem

‘ Solve PDE ’

Optimize ’

PDECO
min J(u, y) subject to c(u,y) =0

Then discretize
for computation

Derive conditions
adjoint / optimality system

Optimize first
continuous formulation

Optimize — Derive — Discretize
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PDE-Constrained Optimization: Formal Definition

Let © C R? be a bounded domain. Given a fixed desired state ug, find an
admissible control function y(x) such that the corresponding state u(x) minimizes
an objective functional subject to a PDE constraint.

Formal Definition Notation
T,I}P J(u,y) u = u(x) : State function,
subject to  c(u,y) =0, ug : Desired target state,
U € Vad, y = y(x) : Control function,
y € Yad- Vad : Admissible state set,

Yad : Admissible control set.
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Reduced-Space Formulation

Discretized PDECO Problem
min Jh(uh,x)

up,x
st. chi(up,x) =0, i=1,...,n,,
X € Xag-

U up = un(x), cn(un(x),x) =0

Reduced Optimization Problem

min  J,
XEXaqg Jh(X),

7h(x) = Jp(un(x), x).

up € R x e R™,  Qp: fixed grid of mesh size h
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Computational Bottlenecks in PDECO

Control State Solve Adjoint Solve Redu.ced Contiol
B AT — — Gridlent Update
% h(un; Xk) = 0 [ = & V(%) Xk41

A

Repeat until convergence

Main Bottlenecks: State solve, adjoint linear solve, and
reduced-gradient evaluation.
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Adjoint Method and Reduced Gradient

State Equation Adjoint Equation
ch(up,x) =0 Alp=gu
= ¢,
up = up(x h
h = tn(x) Ap=—— &u = Vu,In(up, x)

- allh’

Reduced Objective and Gradient

Tn(x) = In(un(x), x)

=
Vip(x) = Vidp — (%> p

122

~ oJ 15}
(VIn())i = 6—;—<pa—j> =1

Key observation: One adjoint solve and ny inner-product evaluations.
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Quantum Linear System Algorithms (QLSAs)

Quantum Linear System Algorithms (QLSAs) are quantum
algorithms designed to solve large linear systems by preparing a
quantum state proportional to the solution vector.

. . Quantum Linear Solver
Classical Linear Solver

b 12) o A~V |b)
i A~'|b)
z=A"'p 2V~ ——
120~ Ta=Te)]

Returns the complete solution vector X
2 € RN Prepares a normalized quantum state, not

the full classical vector.
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QLSA Complexity and Motivation

® HHL-based QLSA: Prepares a quantum solution state with complexity

5 <s2n2 log N> .
3
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QLSA Complexity and Motivation

® HHL-based QLSA: Prepares a quantum solution state with complexity

5 <52n2 log N> .
3

® Classical solvers: Efficient multigrid methods can achieve O(N)
complexity under suitable assumptions.
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QLSA Complexity and Motivation

® HHL-based QLSA: Prepares a quantum solution state with complexity

5 <52n2 log N> .
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® HHL with full tomography: Reconstructing the complete solution

incurs at least (/) cost, eliminating the exponential speedup in system
dimension.
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QLSA Complexity and Motivation

HHL-based QLSA: Prepares a quantum solution state with complexity

5 <52n2 log N> .
3

Classical solvers: Efficient multigrid methods can achieve O(N)
complexity under suitable assumptions.

HHL with full tomography: Reconstructing the complete solution
incurs at least 2(N) cost, eliminating the exponential speedup in system
dimension.

Motivation for our PDECO algorithm: Can we exploit QLSAs to
compute the required reduced gradients without reconstructing the
full adjoint vector?
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SWAP Test

The SWAP test estimates the squared magnitude of the normalized inner
product between two vectors ¢, 1) € CV using quantum measurements.

Quantum States SWAP Test Measurement
_ ¢ _¥ L+ (8ly))?
=1 = PO) = —5—
_ o' [{@l)|? = 2P(0) — 1
@ = Tl

Key idea: Estimate the squared overlap without reconstructing either vector.

10
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Classical vs. Quantum Paths

COMMON CLASSICAL PREPARATION

02-11-2026 11

COMMON OPTIMIZATION LOOP

iscretizati CLASSICAL ADJOINT PATH
(1) PDE Discretization & State Solve _ - (- Optinizaion Loop:
Ll e Classical Classical Adjoint & et
Discretize the PDE and solve State Gradient Reduced Gradient Update & Termination
cp(u¥,x¥) = 0foru* e R" (A%)Tpt = g"
i A (& X eR? > N 1. Convergence Test:
¥ & &5, (W 2 e () if [V ()] < ¢ then
@ ,Classical Assembly (VIn(x")); + (80); - 2 break loop
& Constraint Gradients - > A
K U 2. Choose step size:
B ¢ gy (X € QUANTUM ADJOINT PATH 5 @>0
L (u*,x¥) e R™" State Gradient Estimation @ Quantum-Linear System 3. Update control variables:
. du (Optional) Algorithm (QLSA) X xk = g V(x5
To(x%)  Jn (o, x¥) Estimate g = V, (o, x¥) [b) := [g&) /llgk |
Quantum spectal 15 ~ (49 7bY) 4. Increment loop counter: |
Compute Constraint Gradient gradientestimation P kek+1 \
wh o« 0B (g 3y e e @ QammwpTest ) () ybid Reduce Gradient)
i ) (Inner Product) Reconstruction
IvE) = [wi)/Iw | 2 ;- [ [
§ (Vi pY) (VI + (&)~ %
\
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Classical vs. Hybrid Adjoint Complexity

Classical Adjoint Method (CG)

1
Telassical = O<S nu\/EIog g + nxnu>

Hybrid Quantum Adjoint Method (HHL)
nX52n23log ny n%>
€ €

Tquantum - O(

Potential quantum advantage: Polylogarithmic dependence on n, under suitable
assumptions.

12

Notation: n,: state dimension, nx: control dimension, s: sparsity, x: condition number.

€ > 0: target accuracy tolerance for the adjoint solve and inner-product estimation.
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Numerical Experiments: Two PDECO Models

Experiment A: Nonlinear Heat

ny—1

k

A—tz(w_l—2Uf+Ui+1)+€(u;)(T4 —u) + h(Tw )+ co E xtl =0
_ 2, B2 _

J(u,x) = Sllu—wall”+ S lIxI%, us =0

Experiment B: Linear Elliptic Control
d du

—— | k(t =B f(t =u(l) =0.
dt(()dt>—|—uu x + f(t), u(0)=u(1l)=0

J(u,x) = 5||u — P+ DI =20

Five cases: Uniform diffusion; variable diffusion; diffusion contrast; localized
control; nonzero source.

nu, nx € {4,8,16}, shots € {2048, 4096, 8192, 16384}.
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Nonlinear Heat: Effect of Shot Count and Conditioning

2048 shots 4096 shots 8192 shots 16384 shots.

) ﬁ

ax100

. B .
3x10°

S0 LTt Lltew L7ess  Loiedo Lren Lress  Lleds Lo L7ew  L7iee Liceds L77es 3
2x10° &
O L0 L1600 116000 Libed Len L0 Lifeds Liledh Lieon  Libes Lifeus Liles
Condition number k2 (A)
2048 shots 4096 shots 8192 shots 16384 shots
¢ o aasess oreks| BB cotecs cocecs (MMM (3 7sress s2sest Lt Goiess Ss

Final 19j{

4.800-04 1.26e-03 7.36e-04

667005 a.6te-0s E 3.100-08 l
4 o 16 s 3 16

Final gradient norm ||VJ(x*)]|
Observation: More shots improve gradient accuracy, while conditioning depends primarily

on the state dimension.
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Nonlinear Heat: Results on Actual Quantum Hardware

= classical
~—— hybrid: ibm_maarkesh
hybrid: aer
==+ hybrid: iong_simulator
1072
£
S
z
=
0
©
c
O 10-3
1074
0 10 20 30 40 50

Iteration

Nonlinear heat : ny =2, n, = 4; IBM Marrakesh (real quantum hardware, 2048 shots),
Qiskit Aer simulator, lonQ simulator, and classical adjoint method.

Observation: Both simulators closely match classical convergence; IBM quantum hardware
exhibits fluctuations but follows the same overall decreasing trend.
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Elliptic: Condition Number

2048 shots 4096 shots 8192 shots 16384 shots

22x10°
21%10°
2x10°

1.9x10°

Final x

5

16... ... ..
) E‘... ... ..

18x10°

17x10°

1.6 x10°

Experiment 1: k(t) =1, f(t) = 0.

Observation: The condition number remains below 2 and is independent of the control

dimension and shot count.
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Elliptic: Gradient Accuracy

2048 shots 4096 shots 8192 shots 16384 shots
16 |eELS FALE U 1.69e-06 3.75e-07 | 7.34e-07 5.96e-07 | 6.52e-07 | 1.10¢-66 3.28¢-07 | 6.56e-07 | 7.87e-07 l
- 100
=
& 8 2.02e-06 6.09e-06 2.73e-06 4.72e-06 2.77e-06 3.84e-06 4.19e-06 3.73e-06 3.19e-06 3.81e-06 1.75e-06 1.70e-06 =
| ©
£
10
Py 3.33e-05 2.37e-05 7.366-06 | Lol 4.26e-06 4.83e-06 4.65e-06
4 8 16 4 8 16 4 8 16 4 8 16
ny ne ny n

Experiment 1: k(t) =1, f(t) = 0.

Observation: The final gradient norm decreases approximately as O(ng 2) in this

experiment, primarily associated with the normalization of the discrete elliptic operator.
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Conclusions and Future Directions

What We Accomplished
® Developed a hybrid quantum—classical adjoint method for PDECO.
® Used QLSA and quantum inner-product estimation to avoid full tomography.
® Established complexity and inexact-gradient convergence results.

® Validated the method using simulators and real IBM quantum hardware.

Future Directions
® Extend the framework to second-order adjoint methods.
® Investigate quantum-accelerated Hessian-vector products.

® Develop quantum preconditioning strategies to improve the efficiency of
QLSA-based adjoint solves.
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Thank You

Questions & Discussion

Quantum-Accelerated Adjoint Method for PDE-Constrained Optimization

Dr.Mohammadhossein

Project Webpage Anish Ghosh Mohammadisaihroudi

Project Details & Resources

INFORMS 2026 Annual Meeting
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